INTRODUCTION
Let C be a closed convex subset of a Banach space E, T: C + C a nonexpansive mapping, A c E x E an accretive operator that satisfies the range condition, and S the nonexpansive nonlinear semigroup generated by -A. Assume that the norm of E is uniformly Gateaux differentiable and that the norm of E* is Frechet differentiable. It has been known [20, 22] that if C and cl(I)(A)) are (sunny) nonexpansive retracts of E, then the strong lim,-,
T"x/n = -vi and the strong lim,,, S(t)x/t = -uz, where V, and u, are the points of least norm in cl(R(I-7)) and cl@(A)), respectively. However, the question whether these results are true without the restriction on C and cl(D(A)) has remained open. In Section 3 we present a positive solution to this problem.
In fact, more general results are proved-see Theorems 3.3 and 3.4. In the proofs we use the following theorem: If E is (UG) and an accretive A c E x E satisfies the range condition, then d(0, clco(R(A)) = d(0, R(A)). This result (Theorem 2.3) is established in Section 2, where we also modify an idea of Kohlberg and Neyman [ 131 to show that the same theorem is true for smooth, uniformly convex E. See Theorem 2.6 and the remark after Theorem 3.4. These theorems provide a positive answer to a question of Pazy [ 17, p. 2391 .
In Section 2 we also present examples which show that Theorem 2.3 is not true for all Banach spaces (even if A is m-accretive), nor is it true for accretive operators that do not satisfy the range condition (even if E is Hilbert). In addition, we show that in the setting of the theorem, cl@(A)) is not convex in general, even if E is Hilbert. (It is convex if A is m-accretive.) Section 3 also contains several related theorems, e.g., on the asymptotic behavior of resolvents and infinite products of resolvents. In some cases the conclusions of Theorems 3.3 and 3.4 can be sharpened. See Theorem 3.7. More results are presented in Section 4.
The first results in this direction were established by Crandall (see [3, p. 1661 ) and Pazy [ 171 in Hilbert space. See also [7, 15, 181 . A special result in Banach spaces [2] has an interpretation in the theory of stochastic games [32] . For more recent developments in Banach spaces see [ 1, 281 . Some of the theorems of the present paper were announced in [30] . 1 . PRELIMINARIES Let E be a real Banach space, and let Z denote the identity operator. Recall that a subset A of E x E with domain D(A) and range R(A) is said to beaccretiveifIx,-x,l,<Ix,-x,+r(y,--y,)lforall Recall that the norm of E is said to be Gateaux differentiable (and E is said to be smooth) if lim,,, (Ix + ty] -]xl)/t exists for each x and y in U = (x E E: 1x1 = 1 }. It is said to be uniformly Gateaux differentiable if for each y in U, this limit is approached uniformly as x varies over U. The norm is said to be Frechet differentiable if for each x in U this limit is attained uniformly for y in U. We shall write that E is (UG) and (F), respectively. Finally, the norm is said to be uniformly Frechet differentiable (and E is said to be uniformly smooth) if the limit is attained uniformly for [x, y] E U x U. Since E is uniformly smooth if and only if its dual E* is uniformly convex, E is (UG) if E* is uniformly convex and E* is (F) if E is uniformly convex. The converse implications are false. In fact, there are spaces E such that E is (UG) and E* is (F), but E is not even isomorphic to a uniformly convex space. A discussion of these and related concepts may be found in [lo] .
The duality map from E into the family of nonempty subsets of E* is defined by J(x) = {x* E E*: (x,x*) = jxl* = 1x*1"}.
It is single valued if and only if E is smooth. An operator A c E x E is accretive if and only if for each xi E D(A) and each yi E Axi, i = 1,2, there exists j E J(x, -x2) such that ( y, -y,, j) > 0. In this section we show that if E is "nice" and an accretive A c E x E satisfies the range condition, then cl@(A)) has the minimum property. This provides a positive answer to a question of Pazy [ 17, p. 2391 . We also present several counterexamples.
We begin with a known result (see the proof of [28, Proposition 5.21 ) the proof of which is included here for completeness. Remark. As a matter of fact, JA,xl decreases as t + co to d. The next lemma is also essentially known (cf. [9] ). We show now that Theorem 2.3 remains true if the assumption that E is (UG) is replaced by the assumption that E is uniformly convex (equivalently E* is (UF)) d an smooth. This is done by modifying an idea of Kohlberg and Neyman [ 131. We need several preliminary results. +J,x/lJ,xjj <e/2 for all f > t*(e). Hence J,x/j J,xl is Cauchy and converges strongly to w. By Lemma 2.1, the strong lim,_, J,x/t = dw.
We can now present a variant of Theorem 2.3. THEOREM 2.6. Let E be a Banach space and let A c E X E be an accretive operator. If E is uniformly convex and smooth and A satisfies the range condition, then cl(R(A)) has the minimum property. We now provide several examples which show that the results of this section are quite sharp.
We begin with an example that appears in [8, p. 2951 . Let E be R2 with the maximum norm. 
ASYMPTOTIC BEHAVIOR
Let C be a closed convex subset of a Banach space E, T: C + C a nonexpansive (ITx-Tyl<Ix-ylforallxandyinC)mapping,AcE~Ean accretive operator that satisfies the range condition, and S: [0, co) X cl(L)(A)) + cl@(A)) the nonexpansive nonlinear semigroup generated by -A. Assume that E is (UG) and that E* is (F). It has been known [20, 22, 261 that if C and cl@(A)) are (sunny) nonexpansive retracts of E, then the strong lim,,, Yx/n = -u, and the strong lim,,, S(r) x/t = -u2, where v, and v, are the points of least norm in cl(R(Z -7)) and cl(R(A)), respectively. However, the question whether this is true without the restriction on C and cl (D(A) ) has remained open [21, Problem 7; 23, Problem 41. In this section we present a positive solution to this problem. Several related results are also included.
In addition to the results of Section 2, we shall need the following two lemmata. The first is essentially known (cf. [9, p. 296; 12, p. 555)) and the second follows from the proof of Theorem 2.5.
LEMMA 3.1. Let E be a Banach space. Then E* is (F) if and only iffor any convex set K c E, every sequence {x,} in K such that lx,, 1 tends to d(0, K) converges. Remark. The strong lim t+oO J,x/t exists by Theorem 2.5. It follows that v is the unique point of least norm in cl(R(A)). THEOREM 3.3. Let E be a Banach space, A c E x E an accretive operator that satisfies the range condition, and S the semigroup generated by -A. Assume either that E is (UG) and E* is (F), or that E is uniformly convex. Then for each x in cl@(A)), lim,,, S(t) x/t = lim,,, J!x/t = -v, where v is the point of least norm in cl(R(A)).
ProoJ: Assume first that E is (UG) and E* is (F). . If E is (UG), reflexive, and strictly convex, then S(t) x/t and Jtx/t converge weakly as t + co to --u. THEOREM 3.4. Let C be a closed convex subset of a Banach space E, and let T: C + C be nonexpansive. Let the sequence {x, : n = 0, 1,2,... } be defined by x,+,=c,Tx,+(l-c,,)x,, where x,EC and (c,} is a real sequence such that 0 < c, < 1 and a, = CfzO ci + n'to 00. Assume either that E is (UG) and E* is (F), or that E is uniformly convex. Then the strong lim"+m x,+
/a, = -v, where v is the point of least norm in cl(R(I -T)).
ProoJ If E is (UG) and E* is (F), then the result follows from Theorem 2.3 and [20, Theorem 2.31. Now let E be uniformly convex. Z -T is accretive and satisfies the range condition. Given E > 0, let y, E C satisfy ( y,, -TyOI < d(0, R(I -7)) + 6, where 6 is determined by Lemma 3.2. Let {y,} be defined by yn+r=cnTyn+(l-cn)yn, There are examples that show that Theorems 3.3 and 3.4 are not true in all Banach spaces. For example, let E = I' and T(xl, x2 ,...) = (1, xi, x2 ,... ), or E = co and T(xI,x2,...) = (1 + /xl, x,, x2,...).
Let A c E x E be an accretive operator that satisfies the range condition, and let {r,} be a positive sequence. Given x0 E cl(D(A)), define an "infinite product ofresolvents" [31, 4] byxn+,=JrO+,x,, n>O. THEOREM 3.6. Let E be a Banach space, A c E X E an accretive operator that satisjies the range condition, and (x,} an infinite product of resolvents. Assume that Cp"=, ri = co. Suppose either that E is (UG) and E* is (F), or that E is uniformly convex.
Then the strong lim n-oO xn/OX 1 5) = -v, where v is the point of least norm in cl(R(A)).
Proof: This result follows from previous ideas (cf. [27, Theorem 11) and the fact that {(A r.+, x, 11 is decreasing:
IA rn+p,l= IA r,+,J,,,x,-1 I G IIAJ,,xn-1 II G 14,~ 1 I Q --a Q 141xol < llAx,ll.
In some cases the conclusions of Theorems 3.3, 3.4, and 3.6 can be sharpened. For example, [ 1, Corollary 2.3; 6, Corollary I.51 are now seen to be true for all closed convex C. Here is a general result in this direction. THEOREM 3.1. Let E be a uniformly convex Banach space, A c E x E an accretive operator that satisfies the range condition, C a closed convex subset of E, T: C + C a nonexpansive mapping, v the point of least norm in cl@ (A)), and x E cl(I)(A)). 
ADDITIONAL RESULTS
In this section we present several consequences of the theorems of the previous sections, as well as some related results. In case A = Z -T, where T: E -+ E is nonexpansive, E is (UG) and E* is (F), Proposition 4.2 is due to Bruck [5] . Remark. This result is true even if C is not convex, provided T: C-+ C satisfies the range condition. It may have applications in the setting of [2] . Compare also Lemma 2.1.
Another fact which is true in all Banach spaces is related to an example of Kohlberg and Neyman [ 13 ] . Let E be an arbitrary Banach space and let an accretive A c E x E satisfy the range condition, Suppose that J,,x/t, -+ -v, and JS,x/s, -+ -v2. We x ) f or all x in E. Since -z belongs to cl(R(Z -T)), the result follows.
The first example mentioned after Corollary 3.5 shows that Proposition 4.4 is no longer true if E is not reflexive. Now let C be a closed convex subset of a uniformly convex Banach space E, and Iet T: C+ C be a (nonlinear) nonexpansive mapping. For x E C, let S,x = (Cy:,' r'x)/n. Suppose that {S,x} has a bounded subsequence. It is an open question whether this implies that T has a fixed point. (This is known to be true if E is Hilbert.) We observe that Theorem 3.4 shows that at least 0 E cl(R(Z -7)) in this case. Indeed, since S,x = (Cy:,' i(T'x/i))/n, the strong lim,,, (2S,x)/(n -1) = -V, where u is the point of least norm in cl(R (Z -7') ). Thus lim,.+, S,x/n = -u/2 and the result follows. (This observation arose during a conversation with Bruck.)
Another application of Theorem 3.4 occurs in the following setting. Let T, and T, be two nonexpansive self-mappings of a closed convex subset C of a Banach space E. Assume either that E is (UG) and E* is (F), or that E is uniformly convex. Consider the iteration xzn = (T, T,)" x0, xln + 1 = T,xzn, n>O. Let T,:CxC+CxC be defined by T3(x,y)=(T1y,Tzx). T, is nonexpansive with respect to the norm 1(x, y)l= ([xl*+ ly12)"2. We also have T:"(x,, x0) = (x2,,+, , xzn). Therefore lim,+, x,,/n = -u, , lim,,, xzn+ ,/n = -v2, and lim,,, (xZn+, , x,,)/2n = -u, where u, , v2 and u = (u, , uJ are the points of least norm in cl(R(Z -T, T,)), cl(R(Z -T, T,)), and cl(R (Z -T,) ), respectively. (The device of using T3 is due to Lapidus If T, and T2 are strongly nonexpansive, then so are T, T, and T,T, [6, Proposition 1.11. Consequently, in this case we also have lim n+a,(~2n-~2n+2)=~I and limn-oo(~2n+,-~2n+3)=v2 by Theorem 3.7(b).
Finally, we mention a result for the quasi-autonomous Cauchy problem u'(f) + Au(t) 3 f(t), O<t<oo u(0) = x,.
Here A is an accretive operator that satisfies the range condition and f E Z&,(0, CL) ; E). Suppose that this problem has a limit solution u for each x0 E cl@(A)). If E is (UG), E* is (F), and lim,,, (l/t) ]flL,(,,,I;Ej = 0, then the proofs of Note added in prooJ 1. We have recently (partially) improved upon some of the theorems of the present paper. We have, for example, established the following results (cf. Theorems 2.7 and 3.3): (a) Let E be a Banach space and let A cE x E be m-accretive. If E* is strictly convex, then cl(R(A)) is convex. (b) Let E be a Banach space and let A c E x E an accretive operator that satisfies the range condition, and S the semigroup generated by -A. If E is smooth and E* is (F), then the strong lim,,, S(t) x/t exists for each x in cl(D(A)).
2. For an application of Theorems 2.3 and 2.6, see the preprint by M. M. Israel, Jr. and the author entitled "Asymptotic behavior of solutions of a nonlinear evolution equation."
3. Let E be a uniformly convex Banach space, A c E x E an accretive operator that satisfies the range condition, and S the semigroup generated by -A. According to Theorem 2 of a paper by A. T. Plant entitled "The differentiability of nonlinear semigroups in uniformly convex spaces," the strong lim,, + (x -J,x)/l and lim,, + (x -,S(t)x)/r exist and are equal for each x in D(A). Thus the behavior of J, and S(t) is similar near the origin as well as at infinity. Plant's idea also leads to a proof of Theorem 2.5.
